Abstract: In a recent paper [1] it was conjectured that the imaginary simple roots of the Borcherds algebra g II 9,1 at level 1 are its only ones. We here propose an independent test of this conjecture, enabling us to establish its validity (by hand) for all roots of norm ≥ −8. However, the conjecture fails for roots of norm −10: the E 10 dominant weights Λ 8 and Λ 1 +δ are simple roots of g II 9,1 with (simple) multiplicities 1 and 2, respectively. Our derivation is based on a modified denominator formula combining the denominator formulas for E 10 and g II 9,1 and provides an efficient method for determining the imaginary simple roots.
Introduction
In this paper we begin a systematic study of the simple roots of the Borcherds Lie algebra g II9, 1 and propose a new method to compute their (simple) multiplicities, enabling us to test the conjecture made in [1] concerning the set of imaginary simple roots of g II9, 1 . Let us recall that g II9,1 is the Lie algebra of physical states of a subcritical bosonic string fully compactified on the even self-dual Lorentzian lattice II 9,1 , which coincides with the root lattice Q(E 10 ) of the hyperbolic Kac-Moody algebra E 10 ; this lattice is spanned by the simple roots r −1 , r 0 , r 1 , . . . , r 8 of E 10 (alias the real simple roots of g II9,1 ). In fact, our primary motivation for investigating the root system of g II9,1 is to better understand the hyperbolic algebra E 10 , which is the maximal Kac-Moody algebra contained in g II9,1 :
As explained in [1] , the difficulties of understanding hyperbolic Kac-Moody algebras on the one hand and Borcherds algebras (also called generalized Kac-Moody algebras [4] ) on the other hand are to some extent complementary: while a Lorentzian Kac-Moody algebra has a well-understood root system, but the structure of the algebra and its root spaces (including their dimensions!) is very complicated, Borcherds algebras may possess a simple realization in terms of physical string states, but usually have a very complicated root system due to the appearance of imaginary (i.e. non-positive norm) simple roots. The Chevalley generators corresponding to imaginary simple roots of g II9,1 are needed to complete the subalgebra E 10 to the full Lie algebra of physical states. This can be seen by decomposing the vector space
into an infinite direct sum of "missing modules" all of which are highest or lowest weight modules w.r.t. the subalgebra E 10 (see [1, 11] ). This implies that all of g II9,1 can be generated from the highest and lowest weight states by the action of (i.e. multiple commutation with) the E 10 raising or lowering operators. However, not all the lowest weight states in M correspond to imaginary simple roots of g II9, 1 . This is because the commutation of two lowest weight states yields another lowest weight state; yet it is only those lowest weight states which cannot be obtained as multiple commutators of previous states and which must therefore be added "by hand" that will give rise to new imaginary simple roots. Let us pause for a moment to rephrase these statements in string theory language. As has been shown in [9] , commutation of two physical string states in these (completely compactified) string models is equivalent to tree-level scattering. So, starting with a set of ten fundamental tachyons (associated with the real simple roots), we generate by multiple scattering an infinite set of physical string states at arbitrary mass level. By construction, this set is just the hyperbolic algebra E 10 , and it is easy to see that it contains all tachyonic and all massless states as these can be produced by elementary scattering processes. By contrast, E 10 does not exhaust the massive states because not all of these can be obtained by scattering E 10 states of lower mass. To be sure, E 10 does act via the adjoint action on all physical states, i.e., we can scatter two states only one of which belongs to E 10 to get another state, which is also not in E 10 . Therefore, the remaining ("missing") part of the spectrum can be decomposed into E 10 representations. In order to identify the pertinent highest or lowest weight states, the strategy is to pick suitable "missing" string states of lowest mass and add them as extra Lie algebra generators to E 10 . Since the momenta of these states have negative norm 1 this corresponds to adjoining timelike simple roots to E 10 . These simple roots generically come with multiplicity bigger than one because massive string states have additional polarization degrees of freedom, whereas the tachyons are scalars and the real simple roots consequently have multiplicity one always. Following [1] we will designate the simple multiplicity of an imaginary simple root Λ by µ(Λ) (the simple multiplicity µ(Λ) must not be confused with the multiplicity mult(Λ) of Λ as a root of E 10 or with the multiplicity dim g
II9,1 of Λ as a root of g II9,1 !). Therefore, the Lie algebra of all physical states is no longer a Kac-Moody algebra since the Cartan matrix may now have negative integers on the diagonal. In general, the above procedure has to be repeated an infinite number of times because by scattering the adjoined massive states with E 10 states, we still do not exhaust the whole spectrum.
So far, there are only a few string models for which the root system of the associated Borcherds algebra has been completely analyzed, which means that a complete set of imaginary simple roots (associated with extra string states), including their multiplicities, has been identified. Famous examples are the fake monster [5] and the monster Lie algebra [6] , which are related to a toroidal and an orbifold compactification of the 26-dimensional bosonic string. In [1] , an infinite set of level-1 imaginary simple roots (with exponentially growing, known multiplicities) for the Borcherds algebra g II9,1 was found and it was conjectured that this set should exhaust all of them. The results of this paper disprove the conjecture and show that the structure of the g II9,1 root system is more involved than originally thought. This is not so surprising in view of the fact that complete knowledge of the imaginary simple roots of g II9,1 would be essentially equivalent to understanding the hyperbolic Kac-Moody algebra E 10 . Nonetheless, it is very remarkable that the level-1 simple roots do account for all imaginary simple roots down to norm −8 and the conjecture fails by very little for norm −10. These facts are highly suggestive of a hidden structure, and the challenge is now to find it! 2 A modified denominator formula
We first summarize our notations and conventions for E 10 , mostly following [13] to which we refer the reader for further details. The real simple roots r i and the fundamental weights Λ i are labeled in accordance with the Coxeter-Dynkin diagram:
from which the E 10 Cartan matrix A ij can be easily read off. The root r −1 which extends the affine subalgebra E 9 to the full hyperbolic algebra E 10 will be referred to as the over-extended root. The level ℓ of a root r in the fundamental Weyl chamber is defined by
where δ denotes the affine null root. The fundamental Weyl chamber C is the (positive) convex cone in II 9,1 generated by the fundamental weights Λ i = − j (A −1 ) ij r j > 0, obeying Λ i ·r j = −δ ij (this is the only place where we deviate from the conventions of [13] ). So we have, for instance, Λ −1 = δ and Λ 0 = r −1 + 2δ, etc.; since Λ 2 −1 = 0 and Λ 2 i < 0 for i ≥ 0, C lies inside the forward lightcone and touches it at one edge. Acting on C with all elements of the E 10 Weyl group and taking the closure of the resulting set, one obtains the so-called Tits cone which coincides with the full forward light-cone containing all imaginary roots [12] . The Weyl chamber C contains in particular the imaginary simple roots which must be adjoined to complete E 10 to the full algebra g II9,1 of physical states. For the determination of root multiplicities it is therefore sufficient to restrict attention to roots in the fundamental Weyl chamber C; for a given root norm the computation can thus be reduced to a a finite number of checks.
In [1] a complete characterization of all level-1 imaginary simple roots of g II9,1 and their multiplicities was given: the missing lowest weight states are just the purely longitudinal physical states with momenta r −1 + N δ for N ≥ 2. The multiplicities of these simple roots are given by µ(r −1 + N δ) = π 1 (N ), where
One would expect the structure to be far more involved at higher levels, but the explicit calculations in [1] revealed that there were no imaginary simple roots s at level 2 with s 2 ≥ −6. This unexpected result prompted the conjecture that the level-1 roots of g II9,1 are in fact the only imaginary simple roots of g II9, 1 . In more technical language, the conjecture states that the set of missing lowest weight states is the free Lie algebra generated by the purely longitudinal states at level 1. The evidence presented in [1] was based on computer calculations of commutators of certain level-1 states but this method becomes impractical beyond the examples studied there because of the rapidly increasing algebraic complexity as the root norms become more negative. We here present an independent test via a modified denominator formula, enabling us to carry the checks much further, even without use of a computer. This new formula combines the E 10 denominator formula with the one for g II9,1 , and is therefore sensitive only to the "difference" of these two algebras.
The denominator formula for E 10 reads (see e.g. [12] )
where ∆ + are the positive roots of E 10 and ρ is the E 10 Weyl vector, i.e., ρ·r i = − at arbitary level ℓ remains an unsolved problem for E 10 (and, more generally, for any hyperbolic Kac-Moody algebra): closed formulas exist only for levels |ℓ| ≤ 2, and, albeit in implicit form, for ℓ = ±3 [3] . The denominator formula relates the infinite product over all positive roots to an infinite sum over the Weyl group W ≡ W(E 10 ) generated by the reflections w.r.t. the real simple roots. In principle, all root multiplicities can be determined from it by multiplying out the l.h.s. and comparing the resulting expressions term by term, but in practice this method reaches its limits rather quickly. However, one can derive from the above result the so-called Peterson recursion formula, which can be implemented on a computer, although to the best of our knowledge explicit tables of E 10 multiplicities are available in the literature only up to |ℓ| = 2.
For the Borcherds algebra g II9,1 , the denominator formula must be amended in two ways: firstly, the E 10 multiplicities mult(r) are replaced by the corresponding numbers of physical states dim g (r)
and secondly, the r.h.s. must be supplemented by extra terms due to the imaginary simple roots. The modified denominator formula reads (cf. [4] )
where ǫ(s) is (−1) n if s is a sum of n distinct pairwise orthogonal imaginary simple roots of g II9,1 , and zero otherwise. As already pointed out the candidates for imaginary simple roots are all lattice points in the fundamental Weyl chamber C. Because all massless physical string states belong to E 10 , there are no lightlike simple roots. Consequently, the imaginary simple roots are all timelike, and we therefore conclude that there are no pairwise orthogonal imaginary simple roots. Hence
where, in the second line of this equation, we have made use of our knowledge of the simple roots at level 1 and their multiplicities; the dots stand for possible contributions from higher-level imaginary simple roots. Unfortunately, we can no longer invoke the Peterson recursion formula (see e.g. [14] ) if we want to learn about specific imaginary roots and their multiplicities, as this formula does not generalize to g II9,1 because its proof crucially relies upon the existence of a Weyl vector with ρ·s = − 1 2 s 2 for all simple roots s: while this requirement is met by the ten simple roots of E 10 it fails already for the level-1 imaginary simple roots s = r −1 + N δ, as one can easily check. Consequently, we have to seek another way of simplifying the denominator formula in order to test our conjecture.
The idea is to modify the formula in such a way that it "measures" only the corrections that arise when enlarging E 10 to the full Lie algebra g II9,1 of physical states. To this aim let us introduce the difference between the g II9,1 and the E 10 multiplicities,
So, using the known results for |ℓ| ≤ 2, we have
where the function ξ(n) was defined and tabulated in [13] . Let us mention the accidental equality p 8 (3) = ξ(5); in the calculations below we will also use the level-3 result [2] mult(Λ 8 ) = 7749 (13) (note that Λ 8 of norm −10 is the lowest level-3 root). For the reader's convenience, we have collected the values needed in this paper in the tables below. Inserting the E 10 denominator formula into the one for g II9,1 , we obtain the following identity after a little algebra:
mult(Λ)
The dotted terms stand for the level ℓ ≥ 2 contributions which were conjectured to vanish in [1] . We will show explicitly how the conjecture fails by exhibiting non-zero contributions of this type. One advantage of this formula is the absence of terms without r −1 on the l.h.s. since for all such roots we have ∆(r) = 0; thus, the E 9 part of the denominator formula has already been factored out in (14) . Given the E 10 root multiplicities it allows us to determine the simple roots together with their simple multiplicities rather efficiently, as we will demonstrate in the following section. The analysis of (14) can be considerably simplified by restricting oneself on the r.h.s. to roots in the fundamental Weyl chamber C. To see this, we note that in terms of the fundamental weights we have ρ = 8 j=−1 Λ j , so that ρ + Λ ∈ C for all Λ ∈ C, and that for any w = 1 the vector w(ρ + Λ) lies outside the fundamental Weyl chamber since no fundamental reflection leaves ρ invariant. With this observation, the sum over the Weyl group on the r.h.s. can be disregarded.
The general procedure for evaluating the new denominator formula is as follows. Let us fix a dominant integral level-ℓ weight Λ ∈ C for which Λ = m j Λ j with m j ≥ 0. We wish to determine the coefficient of e Λ on the l.h.s. of formula (14) . To do so, we must first look for all possible decompositions ρ + Λ = w(ρ) + v with v ∈ Q + (E 10 ). The reason why we cannot drop the sum over the Weyl group on the l.h.s., even if we consider only terms in the fundamental Weyl chamber on the r.h.s., is that in this decomposition neither w(ρ) nor v will in general be in the fundamental Weyl chamber even if their sum is. Now, for
we have a > 0 unless w = 1; this follows from the fact that the Weyl vector is a dominant E 10 weight. From the preservation of the scalar product and basic properties of the Weyl vector we deduce that (for a = 0)
where "ht" denotes the height of the root, and
Note that for Λ ∈ C we also have a·Λ ≤ 0 for any positive a. These simple relations severely constrain the possible a's that must be taken into account: since repeated Weyl reflections will increase the height, there are only finitely many terms which can contribute for any given Λ. Having found all possible v = Λ − a ∈ Q + (E 10 ) that can appear, the next problem will be to calculate the coefficient of e v arising from the product over the positive roots. For this we must find all decompositions v = j v j with v j ∈ ∆ + . Some care must be exercised with the various minus signs arising from the Weyl reflections as well as from the binomial expansions of the factors in the product over the positive roots. In particular, we have to know all multiplicities of the relevant positive roots. At higher level, this causes the extra complication of determining in which E 10 Weyl orbits these roots lie. Given any positive root r, this amounts to reflecting it by use of the Weyl group into the fundamental chamber. Although there seem to be no general results available we have found the following method, due to J. Fuchs [8] , to be very efficient. One starts by rewriting the root in the basis of fundamental weights, i.e., r = i m i Λ i for m i ∈ Z. Since r / ∈ C by assumption, at least one of the coefficients m i is negative. Choose a negative coefficient with the largest absolute value, m k say, and apply the kth fundamental Weyl reflection to the root. We obtain w k (r) = i w k (m i )Λ i with w k (m i ) := m i − m k A ki , so that the coefficent of Λ k is now −m k > 0. The next step is to determine again the most negative coefficient, to apply the corresponding Weyl reflection and so on. Because |W| = ∞, it is not immediately obvious that by this recursive procedure one will eventually end up in the closure of the fundamental chamber, but, somewhat mysteriously, it turns out that one gets there rather quickly! 3 Determination of imaginary simple roots with Λ 2 ≥ −10
Let us now illustrate how the calculation works in detail for the roots Λ ∈ C with Λ 2 ≥ −10, and therefore, by Weyl invariance, for all roots with Λ 2 ≥ −10. For the level-1 roots, the required computations are quite straightforward as we need only consider w ∈ W(E 9 ) and make use of the fact that the E 9 Weyl orbit of r −1 + N δ consists of all elements r −1 + (N + 2 )δ + b with b ∈ Q(E 8 ). It is then not difficult to check the validity of (14) for the roots Λ = Λ 0 + (N − 2)Λ −1 = r −1 + N δ for N ≤ 6. However, since we anyhow know the formula to be correct at level 1, we refrain from giving further details here. As for level-2 roots of norm ≥ −6, our calculation will just confirm the conclusions reached in [1] , whereas for norms −8 and −10 our results are new (and unlikely to be obtainable by the methods of [1] ). As we will show, all higher-level terms on the r.h.s. of Eq. (14) down to norm squared −8 are absent, in agreement with the conjecture of [1] ; the relevant roots in C are Λ 7 , Λ 1 , 2Λ 0 and Λ 7 + δ, all of level 2. There are two norm −10 roots in C, namely Λ 1 + δ, of level 2, and Λ 8 , of level 3 (all other level ≥ 3 roots in C have norm ≤ −12); for these, we will find a non-vanishing result, refuting the conjecture of [1] .
Before listing the results we provide some further explanations concerning the details of the calculations. Whenever we refer to a root lying in a certain Weyl orbit we have checked this by Fuchs' algorithm. For small norms this is not really necessary, if there is only one Weyl orbit; for instance, there is only one orbit W(Λ 0 ), for roots with r 2 = −2 which has ∆(Λ 0 ) = 1. For roots with r 2 = −4 there are two Weyl orbits, W(Λ 0 + δ) and W(Λ 7 ), which happen to yield the same numbers ∆(Λ 0 + δ) = ∆(Λ 7 ) = 9. In fact, all Weyl orbits of level-2 roots in C with the same norm have the same value for ∆ because the level-2 multiplicities (described by the function ξ) depend only on the norm. The combinatorial prefactors below arise from the combinatorics of the indices i, j, . . . and are most conveniently determined using the Coxeter-Dynkin diagram. Relations such as 0 ≤ a 2 < −Λ 2 + 2a · Λ show that we have listed all nonzero contributions to the simple multiplicities of the roots under consideration. Finally, an important consistency check on the calculation is that the non-zero coefficients must come out to be non-positive due to the absence of pairwise orthogonal simple imaginary roots.
(a) Λ·a = 0:
ii. a 2 = 2, i.e. a = r i for i = 7 =⇒ 9·(−1) 2 ∆(Λ 0 ) = 9.
In total, this gives −9 + 9 = 0 for the simple multiplicity.
2. Λ 2 = −6, i.e. Λ = Λ 1 .
iii. a 2 = 4, i.e. a = r i + r j for i, j = 1 and r i ·r j = 0 =⇒ 29·(−1) 3 ∆(Λ 0 ) = −29;
(b) Λ·a = −1:
In total, this gives −53 + 81 − 29 + 1 = 0 for the simple multiplicity.
iii. a 2 = 4, i.e. a = r i + r j for i, j = 0 and r i ·r j = 0 =⇒ 29·(−1)
iv. a 2 = 6, i.e. a = r i + r j + r k for i, j, k = 0 and r i ·r j = r j ·r k = r k ·r i = 0, or a = 2r i + r j for i, j = 0 and
In total, this gives −246 + 478 − 261 + 28 + 1 = 0 for the simple multiplicity.
iii. a 2 = 4, i.e. a = r i + r j for i, j = −1, 7 and r i ·r j = 0 =⇒ 21·(−1) 3 ∆(Λ 7 ) = −189;
iv. a 2 = 6, i.e. a = r i + r j + r k for i, j, k = −1, 7 and r i ·r j = r j ·r k = r k ·r i = 0, or a = 2r i + r j for i, j = −1, 7 and r i ·r j = −1 =⇒ [21·(−1)
ii. a 2 = 4, i.e. a = r −1 + r i for i = −1, 0, 7 or a = r 7 + r j for j = −1, 6, 7
In total, this gives −246 + 424 − 189 + 7 + 18 − 14 = 0 for the simple multiplicity.
2 These two examples amply demonstrate the power of the new denominator formula: the necessary commutator calculations in [1] needed to reach the same conclusion required 2 hours of CPU time! In addition, we have been able to correctly "predict" the multiplicity of these level-2 roots almost without any effort at all.
Discussion
Let us summarize our results: for the non-trivial roots in the fundamental Weyl chamber down to norm -10 we have found
and
The complete results about the imaginary simple roots of g II9,1 available so far have been collected in the First of all, by comparing the simple multiplicities with the total dimension of the root spaces, we conclude that E 10 is the main constitutent of the Borcherds algebra g II9, 1 . As regards the simple multiplicities themselves, the three (actually, four) zeroes in the ℓ = 2 line of this table appear to us quite striking in view of the fact that we are unware of any obvious reason for their existence. Even more important, we observe that for fixed Λ 2 the simple multiplicities become smaller with increasing level. This is an encouraging sign since similar things happen for both the monster and the fake monster Lie algebra, whereas the gnome Lie algebra showed an exponential growth with increasing level. Of course, these results might just be a coincidence, and the simple multiplicities, although quite well behaved for low norms and low levels, might explode after a few more steps. On the other hand, the fact that we miss by so little makes us wonder if there is not a hidden structure "just around the corner."
How should one proceed? Recall that the fake monster Lie algebra does show a nice structure which was found by methods very similar to the ones employed here (see remarks in Sect. 5 of [4] ): in a first step, Borcherds computed simple multiplicities of roots down to norm -6 to find that the imaginary simple roots are all proportional to ρ with uniform multiplicity 24 (corresponding to the 24 transverse polarizations of a photon in 26 dimensions), where ρ is the lightlike Weyl vector of II 25,1 . The second step was then to prove this conjecture in terms of the denominator formula by establishing a new modular identity. Here the situation is evidently more complicated, and the only feasible way to settle the question with presently available techniques is to collect more data about the simple multiplicities. Fortunately, it appears that our method can be easily implemented on a computer, and, considering how far we got calculating by hand, this should allow us to carry the computations much further. Assuming a general pattern for the simple multiplicities we would still have to face the problem of a rigorous proof by means of modular forms. This leads us to the question whether our new denominator formula (9) admits a "modular interpretation." In other words, after a suitable specialization, can it be interpreted as a modular identity involving all levels simultaneously? This point also does not seem to be intractable as there do exist examples of automorphic forms which give rise to Borcherds algebras with E 10 as maximal Kac-Moody subalgebra (see Example 1 in Sect. 16 of [7] , and [10] ).
Barring "chaotic" structures at yet higher levels (which cannot be excluded as E 10 is defined by a recursive procedure just like simple chaotic systems!) we would hope that our results are more than a first step into the secret world of E 10 .
